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A REMARK ON RICCI BREATHERS AND SOLITONS
LUCA FABRIZIO DI CERBO
Abstract. In this article we give a brief survey of breather and soliton so-
lutions to the Ricci flow and prove a no breather and soliton theorem for
homogeneous solutions.
1. Introduction
In this paper we are concerned to ”breather” and ”soliton” solutions to the Ricci
flow. Recall that, given a closed riemannian manifold (Mn, g0), the Ricci flow is
the evolution equation
∂g
∂t
= −2Ric(g)(1)
Strictly related to the Ricci flow is the evolution equation
∂g
∂t
=
2
n
rg − 2Ric(g)(2)
where r =
R
M
RdµR
M
dµ
, which is called normalized Ricci flow since has the property
to preserve the volume of the initial riemannian manifold. Both these evolution
equations were introduced by R. Hamilton in [2], where it is also proved that evo-
lution equations 1 and 2 differ only by a change of scale in space and a change of
parametrization in time.
We now recall the definitions of Ricci breather and Ricci soliton. Let (Mn, g0) be
closed manifold and let (Mn, g(t)) be a solution to the Ricci flow with initial condi-
tion g(0) = g0. The solution g(t) is called Ricci breather, if for some t > 0 and α > 0
the metrics αg(t) and g(0) differ only by a diffeomorphism; the cases α = 1, α < 1,
α > 1 are called steady, shrinking and expanding breathers respectively. Breathers
for which the metrics g(t) and g(0) differ only by diffeomorphism and scaling for
each time t > 0 are called solitons. More precisely, g(t) is called Ricci soliton if
there exist a smooth function σ(t) and a 1-parameter family of diffeomorphisms
{ψt} of M
n such that
g(t) = σ(t)ψ∗t (g0)(3)
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with σ(0) = 1 and ψ0 = idMn . Now, taking the time derivative in 3 and evaluating
the result for t = 0, we get that the metric g0 satisfies the identity
−2Ric(g0) = 2ǫg0 + LXg0,(4)
where ǫ = σ
′
(0)
2 and X is the vector field on M
n generated by {ψt} for t = 0.
Conversely, given a metric g0 which satisfies 4 there exist σ(t) and {ψt} such that
g(t) = σ(t)ψ∗t (g0) is a solution to the Ricci flow with initial condition g(0) = g0.
In particular we can choose σ(t) = 1 + 2ǫt and {ψt} as the 1-parameter family of
diffeomorphisms generated by the vector fields
Yt =
1
σ(t)
X,
see [1]. In summary, each self-similar solution to the Ricci flow can be written in
the canonical form
g(t) = (1 + 2ǫt)ψ∗t (g0).
We then say that the soliton is expanding, shrinking, or steady, if ǫ > 0, ǫ < 0, or
ǫ = 0 respectively. Finally, if the vector field X is the gradient field of a function
f , one says that the soliton is a gradient Ricci soliton.
2. Ricci Breathers and Solitons
In this section we give a brief overview on the present theory of Ricci breathers
and solitons, then we prove a no breather and soliton theorem for compact homo-
geneous solutions to the Ricci flow. As pointed out in [2], because of the diffeomor-
phism invariance of the Ricci tensor, the Ricci flow preserves the isometries of the
initial Riemannian manifold. We conclude that an initial homogeneous Riemannian
metric remains homogeneous during the flow, it is then meaningful to speak about
homogeneous solutions of the Ricci flow. For an interesting study of homogeneous
solutions in dimension three we refer to [7].
We now start with a little example in order to illustrate some ideas and difficulties
that arise in the study of breather and soliton solutions of the flow. As explained
in the introduction, on a soliton solution, the initial metric changes only by dif-
feomorphisms and scale. We then have that any geometric quantity must varies
in a simple way during the flow. For example, let ∆g = Trg∇
2 be the Laplacian
operator on C∞(M) and
Spec(g) = {0 = λ0(g) < λ1(g) ≤ λ2(g) ≤ ... ≤ λk(g) ≤ ...}
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the spectrum of ∆g.
We have thus that if g(t) is a Ricci soliton on (Mn, g0) then
Spec(g(t)) =
1
σ(t)
Spec(g0),(5)
that is Spec(g(t)) is ”proportional” to the initial spectrum Spec(g0) and shrinks, is
stationary(isospectral deformation), or expands depending on wheter ǫ is positive,
zero, or negative. On the other hand it is clear that on a soliton any eigenvalue
λk(t) and eigenfunction fk(t) varies smoothly on t, we can then take the variation of
any eigenvalue just taking the variation of the Rayleigh-Ritz quotient which defines
it. It turns out that if we assume g0 to be homogeneous then the first variation
formula for an eigenvalue of the Laplacian is given by the simple formula
dλ
dt
= 2
∫
M
Ric(∇f,∇f)dµ(6)
we refer to [9] for the details of computations. As shown in [3] , in any dimension the
nonnegativity of the curvature operator is preserved along the Ricci flow we then
conclude combining 5 and 6 that there are not expanding or steady homogeneous
Ricci solitons with positive curvature operator. Unfortunately, even in the homo-
geneous case, this approach presents two main problems. First, the monotonicity
result is proved for the whole spectrum of the Laplacian and then it is expected
to rely on some particular curvature assumption. Second, the eigenvalues of the
Laplacian are not scale invariant and then it is hard to treat the shrinking case.
A more convenient approach is based on the study of the scalar curvature along
the flow. This approach has been first suggested by Ivey in [8], where he proved
the non existence of three dimensional breathers and solitons, and later extended
by Hamilton in [4]. In [4], Hamilton checked that the minimum of the scalar cur-
vature minx∈Mn R(x, t) is nondecreasing along the normalized Ricci flow whenever
it is non positive, and monotonicity is strict unless the metric is Einstein. This
important observation implies that the scale invariant quantity
min
x∈Mn
R(x, t)V (t)
2
n(7)
is nondecreasing along the Ricci flow whenever it is non positive, as follows easily
using the fact that the two flows differ only by scale and reparametrization in time.
On the other hand on a steady or expanding Ricci breather or soliton we must have
min
x∈Mn
R(x, 0) < 0(8)
as follows using the formula
dV
dt
= −
∫
M
Rdµ(9)
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and the fact that the nonnegativity of the scalar curvature is preserved along the
Ricci flow; for a proof of these facts see [2]. We can then use 8 and the monotonicity
result for the scale invariant quantity 7 to rule out the existence of steady and
expanding breathers and solitons.
Recently, in the celebrated paper [5], the above result has been proved in a different
way and extended by Perelman. In [5], Perelman showed that the least eigenvalue
λ1 of the elliptic operator −4∆ + R is non decreasing along the Ricci flow. Using
this remarkable observation he was able to prove the nonexistence of nontrivial
steady solitons and breathers. Analogously, studying the monotonicity of the scale
invariant quantity
λ1(g(t))V (t)
2
n(10)
he ruled out the existence of nontrivial expanding solitons and breathers. Finally,
using a more involved functional approach he proved the following
Theorem 2.1. There are no shrinking breathers other than gradient solitons.
It is interesting to notice that nontrivial examples of compact gradient Ricci
solitons were constructed by Koiso in [6]. These examples start in dimension four,
in agreement with the result of Ivey [8]. We conclude that that in dimension greater
or equal to four theorem 2.1 cannot be improved without some particular curvature
assumption. We then focus on the homogeneous case proving the following
Theorem 2.2. There are no other homogeneous compact breathers or solitons other
than trivial, i.e Einstein, Ricci solitons.
Differently from the general case, if we restrict our attention to homogeneous
solutions of the Ricci flow, we can treat the expanding, steady and shrinking cases
in a unified way. This unified approach bases on the following lemma
Lemma 2.3. Let (Mn, g(t)) be an homogeneous solution to the normalized Ricci
flow, then Rg(t) is monotonically increasing unless the initial manifold is Einstein.
Proof. As proved in [2], the scalar curvature function satisfies the following heat
type evolution equation
∂R
∂t
= ∆R + 2 |Ric|
2
−
2
n
rR,
then for homogeneous solutions we have
dR
dt
= 2 |Ric|
2
−
2
n
R2 = 2
∣∣∣∣Ric− Rn g
∣∣∣∣
2
.

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The above lemma implies also that the scale invariant quantity R(t)V (t)
2
n is
monotonically increasing along homogeneous solutions to the Ricci flow. However,
we decide to derive this result directly directly
Lemma 2.4. Let (Mn, g(t)) be an homogeneous solution to the Ricci Flow, then
R(t)V (t)
2
n is monotonically increasing unless the initial manifold is Einstein.
Proof. As proved in [2], the scalar curvature function satisfies the following evolu-
tion equation
∂R
∂t
= ∆R+ 2 |Ric|
2
,
then using 9 we have
d
dt
R(t)V (t)
2
n = R
′
(t)V (t)
2
n +
2
n
V (t)
2−n
n V
′
(t)R(t)
= 2 |Ric|
2
V (t)
2
n −
2
n
R2V (t)
2
n
= 2
∣∣∣∣Ric− Rn g
∣∣∣∣
2
V (t)
2
n .

Now, the monotonicity of the scale invariant quantity R(t)V (t)
2
n can be used to
rule out the existence of no trivial breathers and solitons, therefore proving theorem
2.2.
In summary, non trivial compact solitons can be only of gradient shrinking type,
of dimension greater or equal than four and they cannot be homogeneous. Finally,
we remark that Hamilton-Ivey and Perelman approaches, based on the study of the
monotonicity of 7 and 10 respectively, coincide on homogeneous solutions since in
this case we have λ1(g(t)) = Rg(t).
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